March 24, 1942 No. 31 


ENGINEERING EXPERIMENT STATION 
BULLETIN SERIES No. 335 


A PHOTOELASTIC STUDY OF STRESSES 
IN GEAR TOOTH FILLETS 


BY 


4 : THOMAS J. DOLAN 
be AND 


EDWARD L. BROGHAMER 


PRICE: FORTY-FIVE CENTS 


PUBLISHED BY THE UNIVERSITY OF ILLINOIS 
URBANA 


Entered as second-class matter December 11, 1912, at the post office at Urbana, Illinois, under the Act 
of August 24, 1912. Acceptance for mailing at the special rate of postage provided for in section 1103, 
Act of October 3, 1917, authorized July 31, 1918, Published weekly except for vacations and holidays. 


“ 


of the Board of Trustees of the University of Illinois on De- 

cember 8, 1903. It is the purpose of the Station to conduct 
investigations and make studies of importance to the engineering, 
manufacturing, railway, mining, and other industrial interests of the 
State. 

The management of the Engineering Experiment Station is vested 
in an Executive Staff composed of the Director and his Assistant, the 
Heads of the several Departments in the College of Engineering, and 
the Professor of Chemical Engineering. This Staff is responsible for 
the establishment of general policies governing the work of the Station, 
including the approval of material for publication. All members of 


Te Rneineaing Experiment Station was established by act 


the teaching staff of the College are encouraged to engage in scientific 
research, either directly or in codperation with the Research Corps, 
composed of full-time research assistants, research graduate assistants, 
and special investigators. 

To render the results of its scientific investigations available to 
the public, the Engineering Experiment Station publishes and dis- 
tributes a series of bulletins. Occasionally it publishes circulars of 
timely interest, presenting information of importance, compiled from 
various sources which may not readily be accessible to the clientele 
of the Station, and reprints of articles appearing in the technical press 
written by members of the staff and others. 

The volume and number at the top of the front cover page are 
merely arbitrary numbers and refer to the general publications of the 
University. Above the title on the cover is given the number of the 
Engineering Experiment Station bulletin, circular, or reprint which 
should be used in referring to these publications. 

For copies of publications or for other information address 

THE ENGINEERING EXPERIMENT STATION, 
UNIVERSITY OF ILLINOIS, 
Urpana, ILLINoIs 


UNIVERSITY OF ILLINOIS 
ENGINEERING EXPERIMENT STATION 


BULLETIN SERIES No. 335 


A PHOTOELASTIC STUDY OF STRESSES 
IN GEAR TOOTH FILLETS 


BY 
THOMAS J. DOLAN 
Associate Proressor or THEORETICAL AND ApPLizp MECHANICS 


AND 


EDWARD L: BROGHAMER 


ASSOCIATE IN MECHANICAL H,NGINEERING 


PUBLISHED BY THE UNIVERSITY OF ILLINOIS 


PRICE: FORTY-FIVE CENTS 


Digitized by the Internet Archive 
in 2024 


https://archive.org/details/university-of-illinois-engineering-experiment-bulletin_1942 38_335 


UNIVERSITY 


3000—5 -42—23348 OF ILLINOIS 


:: PRESS it 


He 


III. 


IV. 


VI. 


CONTENTS 


. INTRODUCTION 


1. Localized ered at ahs Tooth Fillets 
2. Purpose of Tests 
3. Acknowledgment . 


DESCRIPTION OF MODELS AND MeEruops or TESTING . 


4. General Method of Photoelastie Analysis . 
5. Tooth Forms and Dimensions of Models 
6. Preparation of Models and Method of Testing 


ReEesuuts or TEsts . ‘ 
7. Stresses in Gear Tooth MEER : 
8. Factors of Stress Concentration . 


9. Conclusions 


AppENDIx A. TESTS OF CONVENTIONALIZED GEAR 
TootH MopELs 


1. Test Data . 
2. Summary 


. APPENDIX B. MetHop or LocatTING WEAKEST SECTION 


AND OF DETERMINING FILLET RapIvus . 
1. Graphical Method of Locating “Theoretical 
Weakest Section”’ 


2. Calculation of Minimum Fillet Radius Produced by 


Rack Generating Tool 


APPENDIX C. SUPPLEMENTARY TEST RESULTS 
1. Experimental Data and Results 


40 
40 


NO. 


Sp ie onee 


on 


NO. 


i. 


‘. 
LIST OF FIGURES 


Gear Tooth Notation and Model Dimension Symbols . 
Loading Device Used for All Models : 
Fringe Photographs of Several Gear Tooth Geos 


Stress Distribution Curves Based on Models With 1-in. Face Tease With 
Unit Load . 


Variation of Fillet Stresses With 1 Minimum Tooth Fillet Radius and 
Load Position . 


Variation of Stress Concentration ete With Minimum Tooth Fillet 
Radius and Load Position 


Effect of Long Addendum on Stress Concentration Factor 


. Variation of Stress Concentration Factors With Minimum Tooth Fillet 


Radius and Load Position 


. Variation of Tensile Stress Concentration Factor With Generating Tool 


Radius and Load Position 


. Variation of Tensile Stress Concentration Factor With Generating Tool 


Radius and Load Position 


. Gear Tooth Notation and Model Dimensions ; 
. Typical Fringe Photographs of Several Codvenibenien Modot 
. Stress Distribution Curves : 
. Variation of Fillet Stresses With Tooth Fillet Radius a uae Posten : 


. Variation of Tensile and Compressive Stress Concentration Factors With 


Tooth Fillet Radius and Load Position 


. Variation of Tensile and Compressive Stress Concentration Factors With 


Tooth Fillet Radius and Load Position 


. Variation of Tensile Stress Concentration Factors W ith Angle and 


Load Position . 


. Variation of Compressive eon Goneteton Factors With Angle and 


Load Position . 


and 20. Graphical Determination of “Weakest Section”’ 


LIST OF TABLES 


Dimensions and Notations for Gear Tooth Models Tested 


2. Experimental Data and Results 


35 
39 


PAGE 


A PHOTOELASTIC STUDY OF THE STRESSES 
IN GEAR TOOTH FILLETS 


I. InrRopUCTION 


1. Locahzed Stresses at Gear Tooth Fillets—At present most de- 
signers use the Lewis equation®* as a basis for the design of spur gear 
teeth, and employ modifications of this equation in the design of bevel 
gear, helical gear, and other special forms of gear teeth. The Lewis 
equation treats the gear tooth as a cantilever beam and determines the 
value of a nominal flexural stress at an “assumed weakest section” 
of the tooth. This “weakest section” is located between the two points 
of tangency of the tooth profile with a parabola inscribed in the tooth 
outline (referred to as the parabola of uniform strength) with its apex 
at the intersection of the action line of the applied force and the radial 
center line of the tooth. For example, in Fig. 1, the parabola ACB 
locates the “weakest section” between the points of tangency A and B. 

However, the theory of flexure applies only to members of con- 
stant cross-section, and therefore is not directly applicable to the 
determination of the stresses in a gear tooth. Localized stresses of 
relatively large magnitude are always developed at abrupt changes 
in section of a stressed member and are present in the fillets of a 
loaded gear tooth. In order to facilitate and improve upon present 
methods of gear design there should be available more exact informa- 
tion as to the magnitudes of these stress concentrations. 

The available tables of form factors for gear teeth (based on Lewis’ 
equation) are likely to be misleading; they do not take into considera- 
tion important factors such as the sharpness of the fillet radius which 
greatly influences the maximum stress developed in the fillets of a 
gear tooth. 

This bulletin will be limited to a presentation of the results of 
a study of some of the factors influencing the localized stresses oc- 
curring at the fillets of several types of gear tooth, as obtained from 
a series of tests of photoelastic models of spur gear teeth. Investiga- 
tions have been carried out along somewhat similar lines by Timo- 
shenko,+ Baudt and Peterson,§ Black, and others. This investigation 


*Wilfred Lewis, ‘Investigation of the Strength of Gear Teeth,’’ Proceedings Engineers Club 
(Philadelphia), Oct. 1892. The Lewis equation may also be found in most texts on machine design. 
+8. Timoshenko and R. V. Baud, “Strength of Gear Teeth,’ Mechanical Engineering, 


Vol. 48, Nov. 1926, p. 1105. ; ; { : 
tR. V. Baud and B. Hall, “‘Stress Cycles in Gear Teeth,” Mechanical Engineering, Vol. 53, 


No. 3, p. 207. e ie : : 
§R. V. Baud and R. E. Peterson, “Load and Stress Cycles in Gear Teeth,” Mechanical 


Engineering, Vol. 51, No. 9, p. 653. ' é ; 
qP. H. Black, “An Investigation of Relative Stresses in Solid Spur Gears by the Photo- 


elastic Method,” Univ. of Ill. Eng. Bxp. Sta. Bul. 288, 1936. 


5 


6 ILLINOIS ENGINEERING EXPERIMENT STATION 


Circular Pitch 


“ 


ReoHiOnee a 


A and 8B are points of tangency of rhe 
parabola ABC with rhe tooth profile. 


(6)-Gear Tooth 


Fic. 1. Gear Toorn Norarion aNd Mopen DIMENSION SYMBOLS 


was undertaken with the plan of covering a wider range of variables 
in order to obtain a clearer understanding of the relative effect of some 
of the variables influencing the localized stresses at gear tooth fillets. 

It is realized, of course, that the photoelastic method yields only 
values of stress based on elastic action (and proportionality of stress 
to strain) in the members. No attempt has been made to determine 
the extent to which these theoretical stresses are of significance in 
causing damage to actual metal gears in which the relative “notch 
sensitivity,’ and localized plastic readjustments in the material, may 
influence the damaging value of stress. 


2. Purpose of Tests—The main purpose of the tests was to de- 
termine the maximum tensile stresses developed in the fillets of several 
representative types of gear teeth by employing bakelite models and 
utilizing the photoelastic method of stress analysis. In order to express 
the results in a form familar to the gear designer it was decided to 
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determine a set of stress concentration factors from which the maxi- 
mum stress at a fillet could be obtained by multiplying the nominal 
computed stress by the proper stress concentration factor. Since the 
stresses at a fillet are governed by the geometric shape of the member 
it was felt that the stress concentration factors for any given tooth 
shape could be based upon a set of variables such as the minimum 
radius, ry, of the fillets (see Fig. 1), the thickness, ¢, of the tooth (at 
the “theoretical weakest section”), the tooth pressure angle, ¢, and the 
height, h, of load position on the tooth. 

A secondary purpose of the tests was to study the relative stress- 
raising effect of changes’in each of the variables affecting tooth shape 
and loading conditions, and to locate the true positions of maximum 
stress in the tooth fillets. = 

Before proceeding with an analysis of the stresses in generated gear 
teeth, it was deemed advisable to study the shape factors that are 
altered in producing the various contours of generated gear teeth to 
determine their relative importance in influencing the magnitude of 
the stress concentration factor. This phase of the problem was at- 
tacked by making a series of tests of “conventionalized gear teeth” 
in the form of short cantilever beams in which one factor at a time 
could be varied. The principal results of this preliminary series of 
tests have been included in Appendix A, sections 1 and 2. 


3. Acknowledgment—This investigation was conducted as a part 
of the work of the Engineering Experiment Station of the University 
of Illinois, of which Dran M. L. Encamp is the director, and of the 
Department of Theoretical and Applied Mechanics, of which Pro- 
FESsor F. B. Srety is the head. Much credit for this work is due to 
Mr. D. G. Ricuarps, graduate assistant, who conducted the tests of 
the conventionalized models. This study has grown out of suggestions 
by and correspondence with Mr. A. H. Canpre of the Gleason Works, 
Rochester, N. Y., and the authors are indebted to Mr. Candee for 
many valuable suggestions and criticisms during the progress of the 
tests. The major portion of the material contained in this bulletin 
was prepared as a paper for presentation and discussion at a meet- 
ing of the American Gear Manufacturers Association in Chicago, 
October, 1941. 


Il. Description oF MopELs AND Meruops or TESTING 


4. General Method of Photoelastic Analysis—The photoelastic 
method of stress analysis has been described in detail in numerous 
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journals* and will therefore only be briefly outlined in this discussion. 
In brief the method consists of loading flat transparent bakelite models 
in a field of monochromatic polarized light and observing the order 
of appearance of the interference fringes produced on the image of the 
model as the loads are gradually increased. These fringes (alternate 
bright and dark bands of the type shown in Fig. 3) represent loci of 
constant intensity of maximum shearing stresses, or lines along which 
the difference of the two principal stresses is constant in magnitude. 
At a free boundary, where the principal stress normal to the boundary 
is zero, the fringe order (designated as 0, 1, 2, 3, etc.) is directly pro- 
portional to the principal stress which is tangent to the boundary at 
that point. As the loads are gradually increased the increment of stress 
corresponding with each new fringe that is formed has a constant 
value (called the “fringe stress value”). The fringe stress value de- 
pends upon the thickness and kind of material from which the model 
is made. This constant may be evaluated by loading a member of 
simple shape (usually a beam cut from the same plate as the model) 
in which the stresses can be satisfactorily computed, and determining 
the value of stress required to produce a given fringe order. 

The photoelastic method may be classified as an experimental 
analogy combining the principles of optics and theory of elasticity; 
the stresses determined are those that would be developed in any 
isotropic elastic member having the same proportions as the model. 
It should be emphasized that the method of analysis employed here 


*For an extensive bibliography on photoelasticity, see: 


R. D. Mindln, ‘A Review of the Photoelastic Method of Stress Analysis,’’ Journal of 
Applied Physics, Vol. 10, No. 5, p. 290, 1939. 


E. E. Weibel, “Developments in Photoelasticity,”’ Stephen Timoshenko 60th Anniversary 
Volume, p. 267, Macmillan Co., 1938. 


TABLE 1 
Dimenstons AND Noratrons ror Gear TootH Moprerts TEsTep 


ry ve 
Model Lr | o a b R V 
No. | in. deg. | in. in. in. Mini- Maxi- Mini- Maxi- 
| mum mum mum mum 
| | in. in. in. in. 
— | — - 
ope 
1 | 0.785 | 144% 0.50 6 24 0.132 0.465 —0.08 +0.30 
” | Ws 785 Vea! Y, 0 50 6 24 0.147 0.266 —0.08 +0.30 
3 OF 785 144% 0.50 6 24 0.161 0.253 —0.08 +0.30 
4 0 883 | 144% 0 675 6 24 0.162 0.265 +0.115 +0.495 
53 0 918 14% 0 705 6 24 0.163 0.270 +0.135 +0.505 
6 0. 785 20 0.50 5 20 0.110 0.274 —0.15 +0 .30 
7 0. 185 20 10) 930 10 40 0.106 0.277 —0.15 +0.30 
s | 0. 785 20 10) 50 20 SO 0.090 0.275 —0.15 +0.30 
9 0.785 | 1444 0) 50 3) 20 0.110 ORBITZ —0.15 +0.30 
10 0.785 | 14144 0.50 10 40 0.132 0.276 —0.15 +0.30 
11 0.7385 | 14% 0.50 20 80. 0.126 0.290 —0.15 +0. 30 
| 


STUDY OF STRESSES IN GEAR TOOTH FILLETS 9 


TaBLE 1 (CoNcLUDED) 
Dimensions anp Norations ror Gear Toots Mopers Trstep 


Symbol Definition of Symbol (See also Fig. 1) 


a = Length of addendum of the gear. 

b = Length of dedendum of the gear. 

D = Overall width of model. 

h = Height of load position above the “theoretical weakest section.” 

Ke = Compressive bending stress concentration factor = Sc/Sz. 
Kr = Tensile bending stress concentration factor = S7/Sz. 

K = Combined tensile stress concentration factor = S7/c. 

L = Overall length of model. 

N = Number of teeth on complete spur gear. 

R = Radius of the pitch circle. 

r = Radius of circular fillet on conventionalized models. 

r,; = Radius of cutting tool edge. = 

r; = Minimum radius of curvature of tooth fillet at intersection with root circle. 

S7r = Maximum tensile stress at fillet (from photoelastic tests). 

Sc = Maximum compressive stress at fillet (from photoelastic tests). 

S; = Stress calculated at Lewis’ ‘theoretical weakest section’ by the flexure 
formula; Sz, = 6Wh/?. 

Sr = Average stress developed by radial component of load = Wp/t. 

T = Tooth thickness measured along the pitch circle. 

t = Thickness of tooth at Lewis’ ‘theoretical weakest section.” 

t’ = Nominal thickness of “conventionalized gear tooth” models. 

W = Tangential component of the external load. 
Wer = Radial component of the external load. 

Y = Distance from pitch circle to action line of applied load measured along 
center line of tooth. 

a = Angle between bottom land of tooth space and the thickness chord (the 
thickness chord may be considered as any line perpendicular to the tooth 
center line). 

8 = Angle between the side of the tooth and the radial center line. 

¢ = Pressure angle of tooth. 

¢z_ = Angle between line of action of the applied force and the perpendicular to 
the radial center line of the tooth. 

« = Total computed combined stress at tensile fillet = Sz — Sr. 


Note: All linear dimensions are expressed in inches, loads are in pounds, and 
stresses are in lb. per sq. in. per pound of load on a tooth having a one-inch face. 


is applicable only to two-dimensional (plane) stress systems; that 1s, 
for members in the form of a flat plate loaded in the plane of the plate. 


5. Tooth Forms and Dimensions of Models—The tooth forms 
selected for the models were those of various standard gear teeth and 
were chosen to illustrate the relative influence on the stress concentra- 
tion factor of some of the variables involved in gear design. All 
models were based on the shapes of spur gear teeth having a diametral 
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pitch of two. A summary of the nominal principal dimensions of each 
of the models, and the variables altered during the tests of each model, 
are given in Table 1. Also appended to Table 1 is a list of definitions 
of the symbols used throughout this bulletin. : 

Models 1 and 2 were designed in accordance with the Brown and 
Sharpe proportions for standard 14% deg. involute teeth, and were 
identical in dimensions within the limitations of the accuracy of 
machining. This type of tooth in actual production is cut with a mill- 
ing cutter formed to the exact shape of the tooth space and the radius 
of the milling tool edge is the radius of the fillet on the gear tooth. 
Except for a slight correction to prevent interference the outline of 
the tooth from the base circle to the tip is in the form of an involute 
curve. This involute curve may be formed by tracing the path fol- 
lowed by a point on a line as the line is rolled along (tangent to) the 
base circle. 

Loads were applied at the same three positions on models 1 and 2 
and tests were made with varying fillet radii. The fillet radii (desig- 
nated by the symbol r;) used on model 1 were approximately 1¢ in., 
y, in., and 1% in., while only radii of approximately 14 in. and 4 in. 
were used on model 2 because the ™%-in. radius is not practical in 
actual service due to interference in the action of mating teeth. 

Whereas models 1 and 2 were of a type that would be produced by 
a milling cutter, all other models used in the tests had tooth outlines 
corresponding to those produced by means of a generating cutter in 
actual manufacture. In order to draw the contour of a gear tooth 
generated by this method it was necessary to construct a template 
(from thin celluloid) of a rack having the dimensions of the tooth 
desired and roll the pitch line of the rack along the pitch line of the 
gear. At small intervals of rotation, lines were drawn corresponding 
to the position of the rack tooth. The tooth outline thus generated was 
completed by drawing a curve tangent to the various position lines 
of the rack tooth. The fillet contour developed by this method does 
not have a constant curvature. In order to designate the curvature 
of the fillets on these models the minimum radius of the curve (which 
occurs at the point of tangency to the root circle) has been arbitrarily 
selected. 

Models 3, 4, and 5 were of the long and short addendum type of 
gear tooth using a 1444 deg. pressure angle, as employed by the Glea- 
son Works in the manufacture of straight tooth bevel gears. Since it 
was impractical to test bevel gear teeth by the photoelastic method, 
the models were made in the form of spur gear teeth and the designs 
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selected were based upon a bevel gear having the number of teeth 
necessary to give approximately 24 formative teeth. The dimensions 
of model 3 were those of an 18-tooth right angle combination bevel 
gear train having a speed ratio of 1:1. The proportions of a 22-tooth 
gear of a 2:1 right angle combination bevel gear train were used for 
model 4. Model 5 was based upon the proportions for a 24-tooth gear 
in a bevel gear train having a 3:1 speed ratio. These models were 
tested to determine the relative effect on the stress concentration 
factor occasioned by varying the lengths of the addendum and de- 
dendum. Edge radii were used on the cutting tool which would produce 
approximately the same fillet radii as those used on models 1 and 2. 

A final group of 6 models were tested to determine the effect on the 
stress concentration factor produced by a variation of tooth pressure 
angle and number of teeth on the gear. Models 6, 7, and 8 were 
generated using the proportions as recommended by the American 
Gear Manufacturers Association for the full depth 20 deg. pressure 
angle system. The numbers of teeth in the gears represented by these 
models were varied by using 20, 40, and 80 teeth, respectively, on 
models 6, 7, and 8. 

Models 9, 10, and 11 were designed in exactly the same manner 
as models 6, 7, and 8, except that the pressure angle was made 1414 
deg. The numbers of teeth, the tool edge radii, and the proportions of 
the respective models were the same. For these six models arbitrary 
values of approximately 4. in., 4% in., and 14 in. were selected for the 
tool edge radii because of the fact that the radius of curvature of the 
fillet at the point of tangency to the root circle varies with changes 
in tool edge radii and number of teeth. A change in the number of 
teeth on a gear of a given pressure angle and diametral pitch results 
in a different pitch radius for the gear, which of course produces a 
change in the shape of the tooth profile. 


6. Preparation of Models and Method of Testing—In producing 
the bakelite models templates were first made of the tooth outline, 
and the contours were lightly scribed on the surface of the bakelite 
plates with a sharp-pointed tool. Each model contained one full tooth 
and half of each of the two adjacent teeth. The overall dimensions 
L and D of the model (see Fig. 1) were 3% in. and 3% in., respectively. 

All of the gear tooth models were made from 14-in. thick polished 
plates of BT-61-893 clear bakelite. The models were cut from the 
plate about 4, in. oversize with a scroll saw, and were then annealed 
to remove residual stresses. Each model was finished to final size by 
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Fic. 2. Loaprna Device Usrep ror ALL MopEts 


cutting with small rotary milling cutters until the scribed contour of 
the gear tooth was obtained. Light cuts were taken in finishing the 
model to prevent the development of initial stresses. Some difficulty 
was encountered in accurately reproducing models of the correct 
contour, and slight variations in the accuracy of shape of the models 
was probably responsible for most of the scatter obtained in the final 
test results. 

The range of load positions were chosen to cover that portion of 
the tooth normally subjected to actual loads during the period of 
engagement. In order to secure interference fringe orders high enough 
to insure accurate measurements without developing stresses in excess 
of the elastic limit of the material, the magnitude of the load applied 
to a model during the tests was varied with the change of load position, 
size of fillet, and relative tooth proportions. The positions of load ap- 
plication were located by measuring an arbitrarily selected distance 
above or below the pitch circle of the gear on the center line of the 
tooth. From this point the action line was obtained by constructing 
a normal to the tooth surface with its extension passing through the 
measured point on the radial center line. The range of distances along 
the tooth center line at which the loads were applied are listed for the 
individual models in Table 1 under the column headed “Y”, 

A photograph of the loading device with a bakelite model under 
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load is shown in Fig. 2. The model was fastened securely in a rigid 
frame and arranged so that it could be shifted or rotated to any desired 
position in a vertical plane. By shifting the frame and rotating it 
about the pin £, the line of action of the external load could be ad- 
justed in a direction perpendicular to the tooth surface at any desired 
location. The load was applied by means of dead weights through a 
single-lever loading arm G, and transmitted to the model through a 
pivoted loading block H. A sharp edge was used on the loading block 
to secure a line contact across the face of the gear at the point of load 
application. A thin strip of celluloid was used to protect the model 
from local cutting action at the points of load application; inserting 
this celluloid strip did not affect the stresses at the fillets. The entire 
assembly shown in Fig. 2 could be moved in both the vertical and 
horizontal directions along the frame so that the model could easily 
be aligned in the beam of polarized light. 

Each gear tooth model was loaded and unloaded several times to 
study the order of formation of the individual fringes. In testing 
model 1 the loads were applied in a direction perpendicular to the 
center line of the tooth, whereas for all other models the loads were 
applied perpendicular to the tooth surface at the point of load appli- 
cation. Photographic records were made of all fringe patterns; cali- 
bration beams were then cut from the rear portions of the models and 
loaded in pure bending to provide a simple calibration for the fringe 
stress value of the material. From the fringe photographs the bound- 
ary stresses at the gear tooth fillets could readily be determined. For 
purposes of comparison these values of stress were then converted (by 
dividing by the applied load and multiplying by the thickness of the 
model) to equivalent stresses for a model 1 in. thick and loaded with 
a unit (1 lb.) load. 


III. Resuuts or TEsts 


7. Stresses in Gear Tooth Models.—A total of about 116 photo- 
graphs were made of the fringe patterns observed when the bakelite 
models were loaded in the photoelastic polariscope. Several samples 
of the types of fringe patterns obtained from the gear tooth models 
are shown in Fig. 3. Only representative samples of the data obtained 
by analyzing the fringe photographs will be discussed. The detailed 
results of the individual tests of the gear tooth models are presented 
in tabular form in Section 1 of Appendix C. 

The ordinates perpendicular to the contours of each tooth in Fig. 4 
present a comparative picture of the variations of the stresses tangent 
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to the boundary of the tooth when subjected to several different 
conditions of test. The original profiles of the gear teeth in Fig. 4 were 
traced directly from the negatives of the fringe photographs of the 
actual models. These teeth appear to be of slightly different size since 
the photographs were taken at slightly different enlargements ranging 
from about 1.5 to 1.9 times the actual model size. The curves indi- 
cating the stress at the tensile fillet are plotted with a solid line, those 
indicating the stress at the compressive fillet are plotted with a broken 
line and the magnitudes of the maximum compressive stresses are pre- 
ceded by a minus sign. All numerical values of stress are expressed 
in lb. per sq. in. per pound of applied load per inch of face. 

Model 1 (Fig. 4a) gave values of equal magnitude for the observed 
maximum tensile and compressive stresses at the fillets when sub- 
jected to loads perpendicular to the tooth center line. The load was 
applied to model 2 in a direction normal to the surface of the tooth 
at the point of application, thereby introducing both a tangential 
and a radial component of the load. As would be expected, the 
observed maximum stress at the tension fillet was decreased below that 
obtained in model 1, whereas the maximum stress at the compression 
fillet was greater for model 2. 

In Fig. 4b the stress distribution curves for model 6 illustrate 
qualitatively the change in magnitude of the fillet stresses as the point 
of load application was moved toward the tooth fillet. In general, the 
magnitudes of both the tensile and the compressive maximum fillet 
stresses decreased as the height of load position was decreased. The 
distribution curves shown in Fig. 4c indicate that the maximum fillet 
stresses increased markedly as the fillet radii were decreased. 

In general for both 20-deg. and 141%4-deg. teeth the magnitude of 
the maximum fillet stress decreased slightly as the number of teeth 
was increased. However, due to slight variations in the fillet radu 
of the models shown in Fig. 4d, the values given are not exact indica- 
tions of the quantitative variations of stress due to changing the 
number of teeth on the gear. 

The position of maximum fillet stress obtained from the photo- 
elastic analysis of the models was not located at the ‘theoretical 
weakest section” as defined by Lewis, but in general the maximum 
stress occurred at a point slightly lower (closer to the root circle) on 
the fillet contour. However, even for an extreme case in which the 
distance between the “theoretical weakest section” and the “actual” 
weakest section was a Maximum, this distance was small, and one may 
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conclude that Lewis’ location for the “theoretical weakest section” was 
not greatly in error. 

The curves in Fig. 5 illustrate the variation obtained for the maxi- 
mum tensile fillet stresses, Sp, the maximum compressive fillet stresses, 
Sc, and the computed bending stresses, S,, for model 10. Separate 
curves were plotted for each different fillet radius used on the model; 
values of the generating tool edge radius, 7;, required to develop a 
fillet of the type tested,* have been listed opposite each curve in Fig. 5. 
The curves in this figure are typical of the results for all models tested, 
and the values of the stresses for corresponding heights of load posi- 
tion rather clearly indicate the variation between the computed and 
observed stresses. 


8. Factors of Stress Concentration—In order to express the results 
in a generalized form that would apply to all gear teeth geometrically 
similar to the models, a dimensionless “stress concentration factor” 
was introduced. The stress concentration factors were computed as 
the ratio of the actual maximum stress in the fillet, as obtained from 
the photoelastic fringe pattern, to the calculated stress at the “theo- 
retical weakest section.” 

In calculating and plotting the results two different values of com- 
puted stress were used, namely: 

(1) The tensile or compressive bending (flexural) stress, S;, was 
calculated by means of the Lewis equation (by the flexure formula) 
assuming the bending moment to be Wh (see Fig. 1) and neglecting the 
radial component, Wer, of the applied load. 

(2) A value for the combined bending and direct stress, o, at the 
tensile fillet was obtained by assuming that the stress developed by 
the radial component of load was equal to the load, We, divided by 
the cross-sectional area of the tooth at the ‘theoretical weakest sec- 
tion,” and algebraically adding this value to the flexural stress S,; as 
computed in (1). 

Thus the computed flexural stresses for the equivalent models with 
a one-inch face were 


6Wh 


{? 


Si (see Fig. 1 for notations). (1) 


*See Section 2, Appendix B, for relation between minimum fillet radius ry and tool edge 
radius rt. 
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The computed stress developed by the radial component of load was 


Wr W tan 
Se = - oe ie (2) 


and the computed combined stress at the tensile fillet of the tooth 
was therefore 


6Wh Ww 
esr tan @¢,. (3) 


A simple graphical method* was used to locate the “theoretical 
weakest section” for each tooth and for each load position, and the 
values of load height, h, and tooth thickness, t, were scaled directly 
from the tooth outlines. Using these dimensions in Equations (1) and 


*This method is outlined in Section 1, Appendix B. 
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(3), the calculated stresses were much lower than the observed maxi- 
mum stresses for all models tested because of the fact that concen- 
trations of stress are invariably developed at fillets or other abrupt 
changes of section, and their “stress raising” effect was not con- 
sidered in the derivation of the ordinary flexure formula (or in Lewis’ 
equation). 

Two different values of stress concentration factor are plotted in 
some of the results shown in Figs. 6 to 10. These factors may be 
defined as follows: 


Ke = concentration factor for compressive fillet 


maximum observed compressive stress, S¢ 4 
= ) 
computed flexural stress, Sz, 


and 


K = concentration factor for combined stress at tensile fillet 


maximum observed tensile stress, Sr 


computed combined stress, o 


However, most of the final results were expressed in terms of the 
factor K, based on the nominal computed value of combined bending 
and direct stress; the values of the factor Ky are shown to indicate the 
higher values of stress obtained for the fillet on the compression side 


20 ILLINOIS ENGINEERING EXPERIMENT STATION 


~ 
of the tooth, but it was assumed that these compressive stresses at 
the fillets would not be of significance in developing a failure of an 
actual metal gear tooth in service. 

In general, by comparing Fig. 5 with Figs. 6 to 8, it will be noted 
that as the load position was moved toward the tip of a tooth the 
maximum stress increased, but the values of stress concentration 
factor decreased. 

For all models tested, the radius of the fillet on a tooth was found 
to be of primary importance in affecting the maximum value of the 
localized stress developed. Since the exact fillet contour was difficult 
to reproduce accurately on the bakelite models, the minimum radii 
varied slightly between the different models. Therefore the actual 
minimum radius of curvature at the junction with the root circle was 
determined from an enlarged photograph of each model, and these 
radii (listed as r;) are shown for each of the curves in Figs. 6 to 8. 
In comparing the results shown in these figures the differences in fillet 
radii must be considered, since a slight decrease of fillet radius would 
result in a marked increase in magnitude of the localized stress at 
the fillet. 

In Fig. 6 the values of the compressive factor Ke, and the com- 
bined tensile stress concentration factor K, for model 1 are equal in 
magnitude for any one load position and fillet radius, because the load, 
being perpendicular to the tooth center line, introduced no radial effect 
and produced equal maximum stresses at both fillets. The stress con- 
centration factors for model 2 plotted in this same figure indicate that 
a change in the direction of load application (normal to the tooth sur- 
face for model 2) caused higher stress concentration factors to be 
developed than those obtained from model 1. 

Variations in the stress concentration factors produced by altering 
the length of addendum, a, and dedendum, b, of the tooth are illus- 
trated graphically in the curves for models 3, 4, and 5 plotted in Fig. 7. 
Though the fillet radii for these three models were not exactly the same 
because of the change in dedendum, a close comparison of the results 
indicated that for the case of the sharper fillet radius a slight increase 
in the combined tensile stress concentration factor was obtained (for 
the same ratios of t/h) as the length of the addendum was increased. 
No appreciable change in these factors was noted in the tests using the 
larger (approximately %4-in.) fillet radius as the length of addendum 
was varied. 

Model 3 having nominal tooth dimensions identical with those of 
models 1 and 2, but with a contour developed by the generating 
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method, gave combined tensile stress concentration factors that were 
somewhat smaller than those for model 2. This decrease in the factor 
K is attributed mainly to the method used in developing the tooth out- 
line; the fillets on model 2 were of constant curvature, whereas those 
on model 3 had a gradually increasing curvature (sharpest at the root 
circle) produced by the generating tool. Therefore a generated fillet 
having the contour of an epitrochoid is stronger than one for which 
the fillet radius is constant and equal to the minimum radius of the 
generated tooth fillet. 

This fact was more apparent when the stress concentration factors 
were compared with the results obtained in a previous study* of con- 


*See Section 1, Appendix A. 
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ventionalized gear tooth models made in the form of short cantilever 
beams with circular fillets. The tensile stress concentration factors 
for the conventionalized models with circular fillets were from 12 to 25 
per cent higher than those herein reported for generated tooth contours 
having the same minimum fillet radius and relative proportions. 

Figure 8 shows samples of the results obtained from tests of the 
last group of six models in which the pressure angle and number of 
teeth on the gear were varied to determine their influence on the 
magnitude of the stress concentration factor. 

The values of cutting tool edge radius required to generate a tooth 
fillet of a given minimum radius were computed by means of a formula 
developed by Mr. A. H. Candee;* the method of calculating this radius 
is given in Section 2, Appendix B. This equation was used to determine 
the tool edge radii, 7;, that would be required to generate fillets of the 
same minimum radii as those present on the models, and these values 
are correlated with the combined tensile stress concentration factor in 
Figs. 9 and 10. Curves of the types plotted in Fig. 9 indicated that 
for all models having the same pressure angle and cutting tool edge 
radius the magnitude of the combined tensile stress concentration 
factor for a group of models (irrespective of addendum length or 
number of teeth) could be plotted as one curve without introducing an 
error greater than that to be expected from experimental results. 
Values of the average curves for all models plotted in this manner are 
shown in Fig. 10. It will be observed in this diagram that the com- 


*A. H. Candee, ‘‘Geometrical Determination of Tooth Form Factor,” presented at American 
Gear Manufacturers Assn. Meeting, Chicago, Oct. 21, 1941. 
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bined stress concentration factors, K, were higher for the 1444 deg. 
pressure angle teeth than those for corresponding conditions on the 
20 deg. pressure angle teeth. Moreover, a marked increase occurred 
in the numerical values of K as the values of t/h were increased; 
hence the fillet developed a greater stress raising effect as the point of 
load application was moved to a position lower on the tooth (nearer 
the fillet). 

From a study of all the experimental data obtained in the photo- 
elastic tests it was evident that the principal factors influencing the 
stress concentrations at the fillets were (1) the radius of the fillets, r,, 
(2) the thickness of the tooth, t, (3) the height of load position, h, 
and (4) the pressure angle, ¢. By assuming these to be the only 
variables of importance affecting the stress concentration, two empiri- 
cal equations have been developed by means of which the combined 
tensile stress concentration factor could be closely approximated from 
computations based on the tooth dimensions. Two other factors that 
might affect the localized stresses at the fillets are the relative slope 
(or angle 8) of the tooth flank near the fillet curve, and the angle (a) 
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between the bottom land of tooth space and the thickness chord (t). 
However, tests of conventionalized models (see Section 1 of Appen- 
dix A) indicated that no appreciable change in fillet stresses could be 
attributed directly to these factors for variations in the angles a and B 
of the magnitudes encountered in most of the standard gear tooth 
models. 

The equation developed for values of the combined tensile stress 
concentration factor for models of two diametral pitch with a 14% deg. 
pressure angle and for loads applied normal to the tooth surface is 


K = 0204 (—) (=) (6) 
(hee = h 


and the equation for models with a 20 deg. pressure angle is 


ie wn (—)" (—)". 7) 
ee h 


A comparison of a large number of values of K, computed by using 
these equations, with those obtained from the test data indicated that 
errors in the computed values for the range covered by this investiga- 
tion were in no case in excess of 3 per cent. However, these equations 
are empirical, and no attempt should be made to apply them to cases 
of gears having other pressure angles or for cases in which the ratios 
of t/r; and t/h fall outside the range of values* covered in the experi- 
ments. Nevertheless, many gear teeth of different pitch have contours 
that are geometrically similar. Therefore, it is felt that these equations 
may be used to compute the maximum stresses in a wide variety of 
gear teeth, since the same general stress distribution would be obtained 
in all geometrically similar teeth if the loads were varied in proportion 
to the tooth size and applied at the same relative height (same t/h 
value). 

Caution —lIt should be emphasized that the photoelastic method 
yields values of stress below the proportional limit based on elastic 
action and the assumption of plane stress distribution in the members. 
The exact significance of these localized stresses in measuring the 
nearness to structural damage of a metal gear tooth can only be de- 
termined by correlation with carefully conducted laboratory fatigue 
tests, and by comparison with service records. The relative “notch 


*The values of the ratio t/ry ranged from 1.9 to 12.6, and the values of the ratio ¢/h ranged 
from 0.94 to 3.24, in the photoelastic models. 
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sensitivity” of different materials, localized plastic readjustments in 
the material, and impact loading on the gear may greatly influence 
the resistance of the materials involved. However, for purposes of 
design, the photoelastic method gives a more accurate indication of 
the magnitudes of stress to be expected at gear tooth fillets than can 
be obtained by applying only the commonly used Lewis equation. 


9. Conclusions.—The photoelastic method of stress analysis, em- 
ploying bakelite models of several types of spur gear teeth, was used 
as an experimental method of determining the positions and magni- 
tudes of the maximum stresses in the fillets of gear teeth under known 
conditions of loading. Tests of eleven models were made in which the 
shapes of the teeth were changed by altering several variables (pres- 
sure angle, number of teeth, fillet radius, length of addendum and 
dedendum) and a concentrated load was applied at varying positions 
on the tooth face. Within the range of values of the variables covered 
by the tests the following conclusions seem Justified. 

(a) Based on the tension fillet of the gear tooth, the observed 
maximum stresses for all tests ranged from 30 to 120 per cent greater 
than those calculated by the Lewis equation (the flexure formula). 

(b) The observed maximum stresses in the tension fillets were from 
50 to 147 per cent greater than those calculated by combining the stress 
obtained from the Lewis equation with the average compressive stress 
produced by the radial component of the applied load. 

(c) The stress concentration factors (by which the nominal com- 
puted stress must be multiplied to obtain the maximum fillet stress) 
iereased in magnitude as the point of load application approached 
the tooth fillet. 

(d) Changing the pressure angle of the tooth from 20 to 14% 
degrees resulted in an increase of from 3 to 10 per cent in the stress 
concentration factor for the tensile fillet for models of gears having 
the same number of teeth. 

(e) Increasing the tooth fillet radius resulted in a pronounced de- 
crease in the stress concentration factor. 

(f) Other variables being the same, a gear tooth (generated 
type) whose fillets had a variable curvature with a minimum radius at 
the point of tangency to the root circle developed smaller stresses 
than a tooth having fillets of constant radius equal to the minimum 
radius of the generated tooth. 

(g) The magnitude of the combined tensile stress concentration 
factor varied directly with the dimensionless ratios ¢/ry and t/h, 
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where ¢ is the thickness at the “theoretical weakest section,” h the 
height of load position above this section, and 7; the minimum radius 
of the tooth fillet. The empirical equations for the stress concentration 
factor which fit the test data within an accuracy of 3 per cent are: 


t 0.2 t 0.4 
For 141% deg. pressure angle, K = 0.22 + (— : (—) 
ry 


t 0.15 t 0.45 
oe 


(h) The maximum fillet stresses im the photoelastic models oc- 
curred at points slightly closer to the root circle than the points located 
by Lewis’ theoretical weakest section. However, the nominal com- 
puted stress at Lewis’ location for the weakest section would not differ 
appreciably from the nominal computed stress at the observed weakest 
section. 


and for 20 deg. pressure angle, K 
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IV. Appenpix A 


TESTS OF CONVENTIONALIZED GEAR TootH MopELs* 


1. Test Data—The maximum localized stress at a fillet in a 
stressed member is greatly influenced by the abruptness of the change 
in shape of the member in the immediate neighborhood of the fillet. 
In order to study the relative ‘‘stress raising” influence of some of the 
variables that are altered in producing the contours of different gear 
teeth a preliminary group of models was tested in which one factor 
at a time could readily be varied. These models (illustrated diagram- 
matically in Fig. 11) were made in the form of short cantilever beams 
and will be referred to as “conventionalized gear teeth.” 

These conventionalized models were tested prior to those of the 
gear tooth models discussed in Chapter III. The results are included 
here mainly as a further qualitative picture of the effects on the fillet 
stresses produced by a gradual alteration of only one shape factor at 
a time. 

The different alterations of shape that were chosen to represent 
the most important variables for this group of models are illustrated 

*The data contained in Appendix A have been published as ‘‘Influence of Certain Variables 


on the Stresses in Gear Teeth,” by T. J. Dolan, Jour. of Applied Physics, Vol. 12, No. 8, 
p. 584-591, Aug. 1941. 
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diagrammatically in Fig. 11. These variables may be briefly summa- 
rized as follows: 

(1) The radius r of the fillet between the flank of the tooth and 
the root circle; 

(2) The nominal thickness ¢’, and the thickness ¢, at the “assumed 
weakest section” of the tooth; 

(3) The height of load position h above the “assumed weakest 
section”; 

(4) The angle B between the side of the tooth and the radial 
center line; 

(5) The angle a between the bottom land of tooth space and a line 
perpendicular to the tooth center line. 

The angle that the action line of the load makes with the tooth face 
was maintained constant at 90 deg. in the tests. 

A group of bakelite models was made with the dimensions shown 
in Fig. 11 having nominal values of L=4 in., D=3 in., and t/=1 in., 
and values of h were varied from 4 in. to 144 in. 

Each model was supported by lightly clamping (the lower edge of 
length “Z” in Fig. 11) to a rigid bar, and was loaded with a line load 
across the face of the tooth; successive fringe photographs were made 
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with a series of different load positions h. The model was then altered 
by varying the fillet radius r (or the angle @ of the tooth sides, ete.) 
in a series of successive increments, and a complete new set of fringe 
photographs was made with loads at the same positions for each new 
alteration of the model. Eight of these conventionalized models were 
tested, and approximately 170 negatives of fringe photographs were 
obtained and analyzed. 

In Fig. 12 are shown photographs of typical fringe patterns for 
several of the models tested, and in Fig. 13 are shown typical distribu- 
tions of stress around the fillets for several of the test loadings. In 
analyzing the results, the stresses were converted to values for a “unit” 
model (1 in. thick) loaded with a unit load (one pound), and the 
nominal values of stress for this same “unit” model were computed 
from the Lewis equation. It is a relatively simple matter to obtain 
the value of this caleulated stress for any load position by the use of 
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a graphical method* of locating the assumed weakest section, and a 
direct application of the flexure formula. One set of results showing 
changes produced in the fillet stresses by a wariation of the load 
position and fillet radius, with all other variables of shape maintained 
constant, is plotted in Fig. 14. 

It will be observed that the stresses increased rapidly as the fillet 
radius was reduced, and that the stresses also increased (but not in 
direct proportion) as the height of load position above the bottom of 
the tooth was increased. Furthermore, the maximum stress on the 
fillet in compression was often larger than that at the fillet in tension. 
From the viewpoint of design, the maximum tensile stress is perhaps 
the most important consideration, but the stress concentration factors 


*See Section 1, Appendix B, for a brief description of this method. 
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for both fillets of each tooth were computed, and these values are 
shown in Fig. 15 for the foregoing data. 

It will be recalled that tests of the standard gear tooth models 
(see Section 7) gave equal magnitudes for the maximum stresses at 
the tension and compression fillets when the load was applied perpen- 
dicular to the center line of the tooth (as for model No. 1). The reason 
for this difference of results in tests of the conventionalized models is 
not definitely known. However, it is felt that the fringe patterns on 
the compression side of the conventionalized models were slightly dis- 
torted by the stresses developed in clamping the model to support it 
rigidly along the lower edge (compression side). The method of sup- 
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porting the models of standard gear teeth (see Fig. 2) resulted in a 
more even distribution of stress throughout the body of the model and 
eliminated distortion of the fringe pattern on the compression side 
of the tooth. 

The values of the stress concentration factors were computed as 
the ratio of the actual maximum stress in the fillet, as obtained from 
the photoelastic fringe pattern, to the calculated flexural stress at 
the ‘‘assumed weakest section,” (the radial component of load being 
neglected). That is, the stress concentration factor for the com- 


Se Sr 
pressive fillet Ke = as and for the tensile fillet Ay = SS 
Sr St 


By scaling off the ordinates to the curves in Fig. 15 at various 
ratios of h/t, the data may be replotted as shown in Figs. 16a and 
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16b. For comparison with these results, curves determined by Frocht* 
and by Weibel¥ have been added to Fig. 16a showing stress concentra- 
tion factors for a simple beam with fillets when subjected to pure 
bending. This type of loading would approach the condition for 
h/t = and it will be noted that the localized stresses were much 
more severe in the short stubby cantilever beams that approximated 
the proportions of gear teeth. 

It should be noted that the curves in Figs. 15-18 for this prelimi- 
nary series of tests were plotted in terms of the ratio h/t rather than 
in terms of the reciprocal value t/h, which latter ratio has been used 
in interpreting the results of the tests on standard gear tooth models. 
However, it was found more convenient to fit the experimental data 
with an empirical equation by using the ratio t/h as one of the vari- 
ables in the equation. Hence the final equations as well as the later 


*N. C. Riggs and M. M. Frocht, “Strength of Materials’; Ronald Press Company, New 
York, 1938, p. 389. 

tE. E. Weibel, “Studies in Photoelastic Stress Determination,’ Trans. A.S.M.E. Vol. 56, 
p. 637, 1934. 
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data on the standard gear tooth forms were all expressed as functions 
of the t/h ratio. 

An approximate equation for the tensile stress concentration factors 
for the conventionalized models with sides of the tooth parallel is 


te 0.2 t 0.3 
eee 1.25 (—) ) i) 
r h 


This relationship fits the data within an accuracy of about 5 per cent 
for the range of values covered in the tests. 

The curves in Figs. 17 and 18 show the variations obtained for the 
stress concentration factor when the fillet radius was kept constant 
but the angle @ of the side of the tooth varied. A definite decrease in 
the tensile stress concentration factor was observed as the tooth model 
was gradually tapered inward to approach Lewis’ ideal shape of the 
parabola of uniform strength, whereas no change in the compressive 
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stress concentration factor occurred as the angle was varied over a 
25 deg. range. 

Tests of models in which the angle a, between the bottom land of 
tooth space and the thickness chord, was varied, showed no measurable 
change in stress concentration at either the tensile or the compressive 
fillet for angles a up to 15 degrees. This was perhaps to be expected 
since the material removed from the model by increasing the angle a 
was usually in regions of relatively low stress, and consequently did 
not necessitate much readjustment of stresses in the regions of high 
stress. 

In comparing the tensile stress concentration factors, K,, for actual 
tooth forms (see Table 2 Appendix C) with the data shown in Fig. 16a, 
one important variation between the two sets of tests has been noted, 
namely: the tensile stress concentration factors (shown in Fig. 16a), 
were from 12 to 25 per cent higher than those for models of generated 
gear tooth contours having the same minimum fillet radius and rela- 
tive proportions, whereas the compressive stress concentration factors 
(shown in Fig. 16b) ranged from zero to ten per cent higher than those 
for models of actual gear teeth. The greatest differences between the 
two sets of data occurred with the fillets of sharpest curvature (small 
r/t’ values). 

One reason for this difference in the stress concentration factors is 
the fact that the generated gear tooth models were loaded in a direc- 
tion normal to the tooth face, and the radial (compressive) component 
of load was neglected in this comparison by using as the theoretical 
stress only the value of Lewis’ flexural stress. This small radial com- 
ponent of load would produce a slight lowering of the observed stress 
at the fillet in tension, and hence result in a smaller stress concentra- 
tion factor. Similarly, the radial component of load would produce a 
higher observed stress at the fillet in compression, and should result 
in a higher stress concentration factor (Ke) being obtained. A rough 
check on the radial components of load indicated that their magnitudes 
were small, and they produced only a small increment of stress 
as compared with the flexural stress developed by the transverse com- 
ponent of the apphed load. However, it was found that the maximum 
tensile stresses in the conventionalized models were only slightly 
larger than those for the standard gear tooth models of similar propor- 
tions if corrections were subtracted from the observed stresses to ac- 
count for the differences in radial component of load and differences 
in the angle £ for the two types of tooth. 

The main reason that the generated gear teeth exhibited somewhat 
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lower stress concentration factors than did the conventionalized models 
probably lies in the fact that the conventionalized tooth models had 
circular fillets, whereas the fillets on the generated gear tooth models 
were somewhat spiralled by the process of generation, the minimum 
radius at the root being the assumed value of the fillet radius. Con- 
sequently, it is evident that the equivalent circular radius of the fillet 
on a generated gear tooth that is effective as a stress raiser is not the 
minimum radius of curvature of the fillet contour. If the values of 
stress concentration factor shown in Figs. 16a and 16b were used for 
design purposes they would probably be on the safe side and yield 
values of stress that were slightly too high. 


2. Summary—The results of tests of-conventionalized models that 
were made to study the relative stress-raising effect of altering the 
shape of a tooth by varying one factor at a time may be summarized 
briefly as follows: 

(a) As the height of load position (h/t) was increased, the mazi- 
mum fillet stress increased, but the stress concentration factors de- 
creased. 

(b) The maximum fillet stresses increased rapidly as the fillev 
radius was reduced. 

(c) A definite decrease in the tensile stress concentration factor was 
observed as the tooth model was gradually tapered inward to approach 
Lewis’ ideal shape of a parabola of uniform strength, whereas no 
change in the compressive stress concentration factor occurred as the 
angle was varied over a 25 deg. range. 

(d) No appreciable change in maximum fillet stress was produced 
by varying the angle between the bottom land of tooth space and the 
thickness chord over a 15 deg. range. 

(e) An approximate equation for the tensile stress concentration 
factors for the conventionalized models with circular fillets and sides 
of the tooth parallel is: 


/ i 0.2 t 0.3 
(eles i) ; G) 
r h 


({) Generated fillets having the outline of an epitrochoid produced 
smaller localized stresses than circular fillets whose radius was equal 
to the minimum radius of the epitrochoid. 
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V. APPENDIX B 


MetrHop oF LOCATING WEAKEST SECTION AND OF 
DETERMINING FILLET RADIUS 


1. Graphical Method of Locating “Theoretical Weakest Section.” — 
The “theoretical weakest section” is located between the two points of 
tangency of the tooth profile with a parabola inscribed in the tooth 
outline (referred to as the parabola of uniform strength) with its apex 
at the intersection of the action line of the applied force and the radial 
center line of the tooth. For example, in Fig. 1, the parabola ACB 
locates the weakest section between the points of tangency A and B. 
The Lewis equation then treats a gear tooth as a cantilever beam, and 
determines the value of a nominal flexural stress for the section AB. 

This weakest section may be located by construction of a series 
of trial parabolas with a common vertex at C, but an accurate and 
convenient graphical construction of locating only the points of tan- 
gency was employed in analyzing the results of the tests herein re- 
ported. This graphical method is based on the well-known properties 
of the parabola, and will be outlined briefly in the following discussion. 

In Fig. 19 the curve OA represents a parabola, with the vertex at O, 
and symmetrical about the x axis. 


By construction HO = OF =p and DA = AF. 
Let OG = 
Then DA = EG =x+p and FG = x — p. 
y? = AG? = AF? — FG = (a + p)? — (x — p)? = 4pz. 


Tangent AB bisects angle DAF, therefore DF is perpendicular to 
AB and is bisected at C. Hence point C lies on the y axis. The 
triangle ABF is isosceles, therefore BF = AF and BC = AC. 

These relations derived for the parabola are useful in locating 
the point of tangency between the tooth outline and the inscribed 
parabola, having its vertex at the intersection of the axis of the tooth 
and the line of tooth pressure. The use of these relations eliminates the 
drawing of several parabolas, hence it simplifies the determination of 
the Lewis factors and gives greater accuracy. The following procedure 
is suggested (see Fig. 20). 

(1) Through the tooth draw the line of tooth pressure OP normal 
to the tooth surface extending it until it intersects the center line BG. 

(2) At O draw OC perpendicular to BG. 
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Fig. 19 Fia. 20 


GRAPHICAL DrETERMINATION OF “WHAKEST SECTION” 


(3) Locate, by means of a scale kept tangent to the tooth profile 
near the root, a line AB so that AC = CB. Thus A is the point of 
tangency between the tooth profile and the parabola. 

(4) Draw AA’, thus locating the critical section. 


2. Calculation of Minimum Fillet Radius Produced by Rack Gener- 
ating Tool—The following procedure was developed by Mr. A. H. 
Candee as a method of determining the minimum fillet radius of a 
gear tooth produced by a given cutting tool radius by the generation 
method, and was used in interpreting the results of the tests on gener- 
ated gear teeth. 


Notation and Formulas: 


Dianetralepirciie cer acke.ce. wee Te 
INAITTOCrAOlsLCCUD mhinn . helen 4 alsa Sanne N 
PAP CHer ad ISthate Termin eer as oie ks iie=2N /2DP 
PD eCOMC Miser iat ee Ole. cine Osta 2 b = 1.157/DP (Standard) 
Moolkedvecradiwecre4..ce0s « fc oe han os rs 
Dedendum to center of tool edge 
ACUI SMe ae eee oe nee ltd Noms bh =b—-7r, 


Minimum radius of curvature of 

trochoid at center of edge radius...71 = b°/(R + bi) 
Radius of curvature of fillet at point 

FANeent tOmOO CIFC]E a 1.7 etc ue p= 1 are 


The dedendum equation given applies only to spur gear teeth of stand- 
ard proportions. In the case of gear teeth designed according to some 
other system, such as the Gleason variable addendum system, the 
value of the dedendum would have to be obtained according to the 
equation specified in the particular system used. 
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VI. APPENDIX C 


SUPPLEMENTARY TEST RESULTS 


1. Experimental Data and Results. The following table has been 
included in this appendix to present a more detailed summary of the 
variations that occurred in the test results as the different factors con- 
trolling the tooth fillet stresses were altered. 

The data included in this table refer only to the results of tests 
on the models of standard gear tooth shapes having a diametral pitch 
of 2 (models 1 to 11, inclusive). The shapes of the teeth in each 
of these models have been described in Section 5, and their principal 
dimensions are listed in Table 1. The definitions of the symbols used 
as column headings in the following table have also been included in 
Table 1. 
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TABLE 2 
EXPERIMENTAL Data AND RESULTS 
Diametral Pitch of All Models = 2 


Ww re ry h é , - 

Model Ge ante a OL i a Sr Se Si Kr Ke K 
1 0.30 | 0.465 | 0.465] 0° 0’| 0.632 | 0.845 | 6.89 | 6.89 | 5.31 | 1.30 | 1.30 | 1.30 
1 0.11 | 0.465 | 0.465 | 0° 0’| 0.503 | 0.885 | 5.59 | 5.59 | 3.86 | 1.45-| 1.45 | 1.45 
1 |—0.08 | 0.465 | 0.465] 0° 0’| 0.387 | 0.968 | 4.48 | 4.48 | 2.48 | 1.82 | 1.82 | 1.89 
1 0.30 | 0.270 | 0.270] 0° 0’| 0.743 | 0.798 | 9.19 | 9.19 | 6.98 | 1.31 |.1.31 | 1.31 
1 0.11 | 0.270 | 0.270] 0° 0’| 0.565 | 0.810 | 7.66 | 7.66 | 5.16 | 1.48 | 1.48 | 1.48 
1 |—0.08 | 0.270 | 0.270] 0° 0’| 0.429 | 0.897 | 5.97 | 5.97 | 3.20 | 1.86 | 1.86 | 1.86 
1 0.30 | 0.132 | 0.132] O° 0’| 0.780 | 0.769 |12.65 |12.65 | 7.90 | 1.60 | 1.60 | 1.60 
1 OM a OS 20132) 02 04 OnesonLO-81 0 IO 1Ls TOsiiens ron) le75 |) Pera eis 
1 |—0.08 | 0.132 | 0.132] O° 0’| 0.445 | 0.816 | 8.20 | 8.20 | 4.01 | 2.04 | 2.04 | 2.04 
2 0.30 | 0.266 | 0.266 | 22°20’ | 0.728 | 0.824 | 8.15 |11.10 | 5.96 | 1.37 | 1.86 | 1.50 
2 0.11 | 0.266 | 0.266 | 20° 0’| 0.625 | 0.848 | 7.25 | 9.73 | 4.87 | 1.49 | 2.00 | 1.62 
2 |—0.08 | 0.266 | 0.266 | 10°30’| 0.412 | 0.856 | 6.01 | 8.20 | 3.32 | 1.81 | 2.47 | 1.93 
2 0.30 | 0.147 | 0.147 | 22°20’ | 0.801 | 0.796 |10.50 113.80 | 7.01 | 1.50 | 1.97 | 1.61 
2 0.11 | 0.147 | 0.147 | 20° 0’| 0.648 | 0.8352] 8.65 ]11.05 | 5.24 | 1.65 | 2.11 | 1.79 
2 |—0.08 | 0.147 | 0.147 | 10°30’| 0.489 | 0.853 | 7.25 | 9.61 | 3.96 | 1.86 | 2.42 | 1.97 
3 0.30 | 0.247 | 0.253 | 25°30’ | 0.767 | 0.824 | 8.52 110.38 | 6.13 | 1.39 | 1.70-| 1.52 
3 0.11 | 0.247 | 0.253 | 16°20’ | 0.614 | 0.854 | 7.34 | 8.88 | 4.85 | 1.52 | 1.83 | 1.63 
3 |—0.08 | 0.247 | 0.253 | 10°40’ | 0.431 | 0.868 | 5.90 | 7.00 | 3.37 | 1.76 | 2.08 | 1.88 
3 0.30 | 0.149 | 0.161 | 25°30’ | 0.845 | 0.798 |10.01 |12.70 | 7.18 | 1.40 | 1.77 | 1.52 
3 0.11 | 0.149 31 | 16° 20’| 0.652 | 0.812 | 9.04 |11.02 | 5.69 | 1.59 | 1.94 | 1.70 
3 |—0.08 | 0.149 10° 40’ | 0.479 | 0.842 | 7.35 | 8.82 | 3.98 | 1.86 | 2.22 | 1.97 
4 0.495} 0.260 24° 40'| 0.797 | 0.934 | 7.19 | 9.16 | 4.98 | ¥.44 | 1.84 | 1.58 
4 0.315} 0.260 21° 20’| 0.629 | 0.955 | 5.87 | 7.51 | 3.85 | 1.53 | 2.00 | 1.70 
4 0.115] 0.260 15°40’ | 0.434 | 0.967 | 4.95 | 6.10 | 2.68 | 1.84 | 2.28 | 2.04 
4 0.495) 0.150 | 0. 24° 40’ | 0.845 | 0.903 | 8.48 ]10.60 | 5.65 | 1.50 | 1.88 | 1.64 
. 4 0.315] 0.150 | 0.162 | 21°20’| 0.647 | 0.908 | 7.23 | 9.08 | 4.38 | 1.65 | 2.07 | 1.82 
4 0.115] 0.150 | 0.162 | 15° 40’| 0.488 | 0.944 | 6.01 | 7.14 | 3.16 | 1.90 | 2.26 | 2.10 
5 0.505] 0.265 | 0.270 | 25° 507] 0. 1.024 | 6.06 | 7.81 | 4.11 | 1.48 | 1.90 | 1.64 
5 0.325] 0.265 | 0.270 | 23° 407] 0. 1.048 | 5.10 | 6.82 | 3.20 | 1.59 | 2.14 | 1.81 
5 0.135] 0.265 | 0.270 | 17° 20'| 0. 1.069 | 4.51 | 5.72 | 2.36 | 1.91 | 2.42 | 2.05 
5 0.505] 0.152 | 0.163 | 25°50’| 0. 1.010 | 7.40 | 9.49 | 4.59 | 1.61 | 2.06 | 1.78 
5 0.325] 0.152 | 0.163 | 23° 40’] 0. MOLSs | RCLSON SCO NSeOSe| mile 7l no 205 mi Ol 
5 0.135] 0.152 | 0.163 | 17° 20’| 0.5 1.030 | 5.45 | 6.71 | 2.75 | 1.98 | 2.44 | 2.21 
5 0.30 | 0.256 | 0.274 | 28° 07} 0. 0.922 || 6.12 | 8.04 | 4.53 | 1.37 | 1.77 | 1.58 
3 0.15 0.256 | 0.274 | 22°40'| 0.: 0.922 | 5.75 | 7.43 | 3.92 | 1.47 | 1.90 | 1.65 
6 0.00 | 0.256 | 0.274 | 21°20'| 0. 0.934 | 4.81 | 6.32 | 3.03 | 1.58 | 2.09 | 1.82 
GeO. 15) 02256) 02274 | 152 70%) 0. 0.984 | 3.92 | 5.21 | 2.06 | 1.95 | 2.56 | 2.18 
6 0.30 | 0.155 | 0.189 | 28° 0’| 0. 0.912 | 7.12 | 9.85 | 5.08 | 1.40 | 1.94 | 1.56 
6 0.15 | 0.155 | 0.189 | 22° 40’| 0. 0.917 | 6.50 | 8.93 | 4.28 | 1.52 | 2.08 | 1.68 
6 0.00 | 0.155 | 0.189 | 21°20’] 0.: 0.922 | 5.50 | 7.80 | 3.33 | 1.65 | 2.34 | 1.86 
6 |—0.15 | 0.155 | 0.189 | 15° 0’| 0.: 0.928 | 4.72 | 7.00 | 2.53 | 1.87 | 2.76 | 2.10 
6 0.30 | 0.062 | 0.110 | 28° 0’| 0.8 0.894 | 8.40 |13.15 | 5.48 | 1.53 | 2.40 | 1.68 
6 0.15 | 0.062 | 0.110 | 22°40’| 0.6 0.900 | 7.40 [11.58 | 4.63 | 1.60 | 2.50 | 1.76 
6 0.00 | 0.062 | 0.110 | 21°20’| 0.5: 0.911 | 6 9.82 | 3.62 | 1.72 | 2.71) 1.94 
6 |—0.15 | 0.062 | 0.110] 15° 07] 0. 0.916 | 5.: 8.46 | 2.80 | 1.89 | 3.02 | 2.21 
A ).267 | 0.277 | 22° 407] 0. 1.018 | 5. AAO | Bees) || Wechl Sk 1.57 
i 0.48 0 267 | 0.277 | 20° 20’| 0. 1.028 | 4. 6.53 | 3.18 | 1.49 | 2. 1.68 
7 0.00 | 0.267 | 0.277 | 18°50’| 0. 1,043 | 3. 5.77 | 2.35 | 1.67 | 2.4 1.93 
i | SOAS 1 Ox | Orie || Weswe| Wee 1.078 | 3 5.34 | 1.64 | 1.96 | 3.5 37 
af 0.30 | 0.152 | 0.170 | 22° 40’| 0. 1.015 | 6.30 | 8.95 | 4.07 | 1.55 | 2 1.69 
7 0.15 | 0.152 | 0.170 | 20° 20’| 0. 1.028 | 5.34 | 8.00 | 3.28 | 1.63 | 2. 1.86 
7 0.00 | 0.152 | 0.170 | 18°50’| 0. 1.044 | 4. 6.95 | 2.52 | 1.79 | 2.7 2.04 
7 |—0.15 | 0.152 | 0.170 | 17°50’| 0. 1.067 | 3.54 | 6.38 | 1.82 | 1.94 | 3.: 2.30 
7 0.30 | 0.085 | 0.106 | 22° 40’| 0 0.995 | 7.00 [10.35 | 4.42 | 1.59 | 2.3 1.74 
“f 0.15 | 0.085 | 0.106 | 20° 20’| 0 1.018 | 6.25 | 9.28 | 3.63 | 1.72 | 2.2 a 
7 0.00 | 0.085 | 0.106 | 18°50’ | 0 WO || Bf 8.55 | 2.83 | 1.86 | 3. 2.10 
7 |—0.15 | 0.085 | 0.106 | 17°50’| 0 11,0400) 42057085" || 2.05.) 280591) 3. 2.4 
3 Ds 270 | 0.275 | 22° 30° 1.078 | 5.17 | 6.84 | 3.55 | 1.46 | 1. 1.62 
3 0.18 0 270 | 0.275 | 21°20'| 0 1.084 | 4.40 | 6.23 | 2.86 | 1.54 | 2. 1.74 
8 0.00 | 0.270 | 0.275 | 20° 40’| 0 1.090 | 3.60 | 5.68 | 2.17 | 1.66 | 2. 1.94 
8 |—0.15 | 0.270 | 0.275| 20° 0/| 0 1.147 | 2.75 | 5.05 | 1.56 | 1.82 | 3 2.25 
8 0.30 | 0.149 | 0.158 | 22°30’| 0 1.095 | 5.95 8.53 3.79 1.57 2 44 
8 0.15 | 0.149 | 0.158 | 21°20’ 0 1.101 | 5.09 | 7.78 | 3.08 | 1.65 | 2 1.86 
8 0.00 | 0.149 | 0.158 | 20°40’| 0 1.113 | 4.42 | 7.23 | 2.48 | 1.78 | 2 2.06 
8 |—0.15 | 0.149] 0.158 | 20° 0’| 0 1.125 | 3.40 | 6.64 | 1.77 | 1.92 | 3 2.31 
S 0.30 | 0.076 | 0.090 | 22°30’| 0 1.118 | 6.50 |10.72 | 3.92 | 1.65 | 2 1.81 

8 15 | 0.076 | 0.090 | 21° 20’| 0 1.118 | 5.91 | 9.72 | 3.28 | 1.80 | 2 2. 
5 Aa ° 40! 122 | 4.86 | 8.65 | 2.55 | 1.91 | 3.39 | 2.18 
8 0.00 | 0.076 | 0.090 | 20° 40’ | 0 1.122 | 4.86 | 8.60 oz | ocos | 8.78 | 5.46 

8 |—0.15 | 0.076 | 0.090 | 20° 0’| 0 1.140 | 4.05 | 7.34 | 1.94 | 2.08 | 3.78 | 2. 
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TaBLE 2 (CONCLUDED) 
EXPERIMENTAL Data AND RESULTS 
Diametral Pitch of All Models = 2 
Model | jy PS Soa ee ne WpeSe aibescat| mse eras Scam am 
9 0.30 | 0.303 | 0.317 | 20° 0’] 0.718 | 0.840 | 8.08 | 9.90 | 5. ZO || 72 || TB 
9 0.15 | 0.303 | 0.317 | 18°30’| 0.568 | 0.859 | 6.65 | 8.35 | 4. 1.52 | 1.91 | 1.64 
9 0.00 | 0.303 | 0.317 | 16° 207} 0.448 | 0.87C | 5.54 | 7.60 | 3. 1.62) (non esu lmao 
9 |—0.15 | 0.303 | 0.317| 9° 0’| 0.331 | 0.900 | 4.50 | 6.45 | 2. 1.86 | 2.67 | 2.00 
9 0.30 | 0.129 | 0.166 | 20° 0’| 0.801 | 0.828 |10.32 |13.42 | 6. Thea, | DOL | Tae 
9 0.15 | 0.129 | 0.166 | 18°30’! 0.641 | 0.834 | 8.80 |11.33 | 5. ey |) Mais |p EO 
9 0.00 | 0.129 | 0.166 | 16°20] 0.507 | 0.840 | 7.52 | 9.66 | 4. ee |) B88) IP 1G 
9 |—0.15 | 0.129 | 0.166] 9° 0’! 0.371 | 0.855 | 6.22 | 8.00 | 3.01 | 2.06 | 2.66 | 2.20 
9 0.30 | 0.062 |0.1105| 20° 0’| 0.840 | 0.828 |11.20 |14.00 | 6.5 eG? |) O02 | dee 
9 0.15 | 0.062 |0.1105| 18° 30’| 0.674 | 0.834 | 9.50 |12.05 | 5.: 7 |} Bail | see 
9 0.00 | 0.062 |0.1105| 16° 20’| 0.541 | 0.850 | 8.09 {10.20 | 4.¢ Wi || O88 || BOP 
9 |—0.15 | 0.062 |0.1105} 9° 0’| 0.408 | 0.862 | 7.00 | 8.69 | 3.2 D ls |) Dole || B27 
10 0.894 | 7.35 | 8.46 | 5. 1.44 | 1.66 | 1.54 
10 OCntil, | Ges | WoGs || Se dato |) Ce |) ee 
10 0.944 | 5.12 | 6.42 | 3. TGC) || Doi |) aE) 
10 Ocve | 228 | Be | 2. 2.00 | 2.70 | 2.21 
10 0.888 | 9.20 ]11.05 | 5 1.60 | 1.92 | 1.70 
10 0.894 | 7.73 | 9.45 | 4.3 1.69 | 2.06 | 1.83 
10 0.916 | 6.45 | 8.67 | 3.5 ees | 2.25) |) BO 
10 0.927 | 5.61 | 7.53 | 2 AVS || D0) || Br 
10 0.862 |10.01 |12.27 | 6 Tidal || Wy || Mazi 
10 0.875 | 8.52 |10.80 | 5. a || Deal) \| TAZ) 
10 0.886 | 7.27 | 9.50 | 3. 1.83 | 2.39 | 2.00 
10 0.893 | 6.15 | 8.38 | 2.5 20) | Q As || Dove 
11 0.944 |-6.87 | 8.28 | 4.58 | 1.50 | 1.81 | 1.60 
11 0.960 | 5.90 | 7.44 | 3.66 | 1.61 | 2.03 | 1.74 
11 0.988 | 4.76 | 6.74 | 2.74 | 1.74 | 2.46 | 1.92 
11 OR | eae | ZAG: |) WD || MOT |) Wo) |) 25200) 
11 0.926 | 8.00 | 9.85 | 4.98 | 1.61 | 1.98 | 1.71 
11 0.949 | 7.08 | 9.10 | 4.07 | 1.74 | 2.24 | 1.86 
11 0.960 | 5.88 | 8.36 | 3.11 | 1.89 | 2.69 | 2.06 
11 0.989) 4959) | 716) 20s) | oon Sesbelnonaa! 
11 0.954 | 8.65 |10.73 | 5.16 | 1.68 | 2.08 | 1.78 
1 0.960 | 7.50 | 9.64 | 4.13 | 1.81 | 2.33 | 1.94 
11 (Ce || Gass || AO || Breuy | 1495 |) Sa || Bie 
11 Oe |) ase) | a7ie} || BB |) Bey || BSB |) 2.27 
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Dolan and Rex L. Brown. 1939. Seventy cents. 

Circular No. 36. A Survey of Sulphur Dioxide Pollution in Chicago and 
Vicinity, by Alamjit D. Singh. 1939. Forty cents. ; 

Circular No. 37. Papers Presented at the Second Conference on Air Condition- 
ing, Held at the University of Illinois, March 8-9, 1939. 1939. Fifty cents. 

Circular No. 38. Papers Presented at the Twenty-sixth Annual Conference on 
Highway Engineering, Held at the University of Illinois, March 1-3, 1939. 1939. 
Fifty cents. 

Bulletin No. 313. Tests of Plaster-Model Slabs Subjected to Concentrated 
Loads, by Nathan M. Newmark and Henry A. Lepper, Jr. 1939. Sixty cents. 

Bulletin No. 314. Tests of Reinforced Concrete Slabs Subjected to Concen- 
trated Loads, by Frank E. Richart and Ralph W. Kluge. 1939. Highty cents. 

Bulletin No. 315. Moments in Simple Span Bridge Slabs with Stiffened Edges, 
by Vernon P. Jensen. 1939. One dollar. 

~ Bulletin No. 316. The Effect of Range of Stress on the Torsional Fatigue 
Strength of Steel, by James O. Smith. 1939. Forty-five cents. : S 

Bulletin No. 317. Fatigue Tests of Connection Angles, by Wilbur M. Wilson 
and John V. Coombe. 1939. Thirty-five cents. Pe 

Reprint No. 18. First Progress Report of the Joint Investigation of Continuous 
Welded Rail, by H. F. Moore. 1939. Fifteen cents. rads eos 

Reprint No. 14. Fifth Progress Report of the Joint Investigation of Fissures in 
Railroad Rails, by H. F. Moore. 1939. Fifteen cents. om 

Circular No. 39. Papers Presented at the Fifth Short Course in Coal Utiliza- 
tion, Held at the University of Illinois, May 23-25, 1939. 1939. Fifty cents. 

Reprint No. 16. Stress, Strain, and Structural Damage, by H. F. Moore. 
1940. None available. 

Bulletin No. 318. Investigation of Oil-fired Foreed-Air Furnace Systems in 
the Research Residence, by A. P. Kratz and 8. IXonzo. 1939. Ninety cents. 


+Copies of the complete list of publications can be obtained without charge by addressing the 
Engineering Experiment Station, Urbana, III. 
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Bulletin No. 319. Laminar Flow of Sludges in Pipes with Special Reference to 
Sewage Sludge, by Harold E. Babbitt and David H. Calieall 1939. Sixty-five cents. 

Bulletin No. 320. The Hardenability of Carburizing Steels, by Walter H. 
Bruckner. 1939. Seventy cents. 

Bulletin No. 321. Summer Cooling in the Research ee with a Con- 
densing Unit Operated at Two Capacities, by A. P. Kratz, S. Konzo, M. Kk. Fahne- 
stock, ‘and E. L. Broderick. 1940. Se venty cents. 

Circular No. 40. German-English Glossary for Civil Engineering, by A. A. 
Brielmaier. 1940. Fifty cents. 

Bulletin No. 322. An Investigation of Rigid Frame Bridges: Part III, Tests 

of Structural Hinges of Reinforced Concrete, by Ralph W. Kluge. 1940. Forty cents. 

Circular No. 41. Papers Presented at the Twenty-seventh Annual Conference 
on Highway Engineering, Held at the University of Illinois, March 6-8, 1940. 1940. 
Fifty cents. 

: “Re print No. 16. Sixth Progress Report of the Joint Investigation of Fissures in 
Railroad Rails, by H. F. Moore. 1940. Fifteen cents. 

Reprint No. 17. Second Progress Report of the Joint Investigation of Con- 
tinuous Welded Rail, by H. F. Moore, H. R. Thomas, and R. E. Cramer, 1940. 
Fifteen cents. 

Reprint No. 18. English Engineering Units and Their Dimensions, by E. W. 
Comings. 1940. Fifteen cents. = 

Reprint No. 19. Wlectro-organie Chemical Preparations, Part II, by Sherlock 
Swann, Jr. 1940. Thirty cents. 

Reprint No. 20. New Trends in Boiler Feed Water Treatment, by F. G. Straub. 
1940. Fifteen cents. 

Bulletin No, 823. Turbulent Flow of Sludges in Pipes, by H. E. Babbitt and 
D. H. Caldwell. 1940. Forty-five cents. 

Bulletin No. 324. The Recovery of Sulphur Dioxide from Dilute Waste Gases 
by Chemical Regeneration of the Absorbent, by H. F. Johnstone and A. D. Singh. 
1940. One dollar. 

Bulletin No. 325. Photoelectric Sensitization of Alkali Surfaces by Means of 
Electric Discharges in Water Vapor, by J. T. Tykociner, Jacob Kunz, and L. P. 
Garner. 1940. Forty cents. 

Bulletin No. 826. An Analytical and Experimental Study of the Hydraulic 
Ram, by W. M. Lansford and W. G. Dugan. 1940. Seventy cents. 

Bulletin No. 827. Fatigue Tests of Welded Joints in Structural Steel Plates, by 
W. M. Wilson, W. H. Bruckner, J. V. Coombe, and R. A. Wilde. 1941. One dollar. 

Bulletin No. 328. A Study of the Plate Factors in the Fractional Distilla- 
tion of the Ethyl Aleohol-Water System, by D. B. Keyes and L. Byman. 1941. 
Seventy cents. 

*Bulletin No. 529. A Study of the Collapsing Pressure of Thin-Walled Cylinders, 
by R. G. Sturm. 1941. Highty cents. 

“Bulletin No. 330. Heat Transfer to Clouds of Falling Particles, by H. F. John- 
stone, R. L. Pigford, and J. H. Chapin. 1941. Seventy cents. 

*Bulletin No. 331, Tests of Cylindrical Shells, by W. M. Wilson and E. D. Olson. 
1941. One dollar. 

*Reprint No. 21. Seventh Progress Report of the Joint Investigation of Fissures 
in Railroad Rails, by H. F. Moore. 1941. Fifteen cents. 

: ee No. 332. Analyses of Skew Slabs, by Vernon P. Jensen. 1941. One 
OLLAT, 

*Bulletin No, 333. The Suitability of Stabilized Soil for Building Construction, 
by E. L. Hansen. 1941. Fifty cents. 

*Circular No. 42. Papers Presented at the Twenty-eighth eure Conference on 
Highway i Spaineoe Held at the University of Illinois, March 5-7, 1941. 1941. 
Fifty cents. 

*Bulletin No. 334. The Effect of Range of Stress on the Fatigue Strength of 
Metals, by James O. Smith. 1942. Fifty- five cents. 

_ *Bulletin No. 835. A Photoelastic Study of Stresses in Gear Tooth Fillets, by 
Thomas J. Dolan ue Edward L. Broghamer. 1942. Forty-five cents. 

*Circular No, 43. Papers Presented at the Sixth Short Course in Coal Utiliza- 

tion, Held at the ieee of Illinois, May 21-23, 1941. 1942. Fifty cents. 


*A limited number of copies of bulletins starred are available for free distribution. 
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CoLtece or LiperaL Arts AND SciENcEs.—General curriculum with majors in the hu- 
manities and sciences; a new general curriculum with fields of concentration in 
mathematics and physical science, biological science, social science, and the humani- 
ties; specialized curricula in chemistry and chemical engineering; general courses 
preparatory to the study of law and journalism; pre-professional training in medi- 
cine and dentistry; curriculum in social administration. 


CoLLEGE OF COMMERCE AND Business ADMINISTRATION.—Fields of concentration in 
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CoLLEGE oF Mepicine.—Professional curriculum in medicine. 
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ENGINEERING EXPERIMENT STATION BUREAU OF EDUCATIONAL RESEARCH 
ExTENSION SERVICE IN AGRICULTURE BUREAU OF INSTITUTIONAL RESEARCH 
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RESEARCH 
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